Abstract. Ternary real-valued quartics in R 3 being invariant under octahedral symmetry are considered. The geometric classification of these surfaces is given. A new type of surfaces emerge from this classification.
Introduction
In 1971 J.W.S Cassels [4] states a fundamental problem in the geometry of numbers : " Let f (x 1 , x 2 , ..., x n ) be a real-valued function of the real variables x 1 , x 2 , ..., x n . How small can |f (u 1 , u 2 , ..., u n )| be made by suitable choice of the integers u 1 , u 2 , ..., u n ?"
In this paper we will examine a particular case of this type of problem: We will require estimates which are valid for whole classes of ternary quartics, invariant under the symmetry of the octahedron.
In investigating the values taken by the real coefficients of f , we classify the quartics from a geometrical and topological point of view. In particular, the consideration of this problem leads to an investigation of the number of connected components of quartic octahedral surfaces.
To classify such surfaces we use the same type of group theory approach that was initiated by E. Goursat [5] and extended to the case of icosahedral symmetry by W. Barth [1] . In our proof we will use the quadric's classification given by T. J. I. Bromwich [2] and R. S. Buringthon [3] and matrix theory.
Let us introduce some necessary definitions. Definition 1. An octahedral invariant real quartic surface is the 0-locus of a real polynomial f (x, y, z) of degree 4 in R 3 , invariant by the octahedral group O h . In other words ∀g ∈ O h ⊂ Gl(3, R), f (g −1 v) = f (v), v = (x, y, z).
The group O h is the common symmetry group of two Platonic solids : octahedron and cube, both being dual to each other. This is a group of order 48 which admits 9 symmetry planes: 3 parallel to the faces of the cube and 6 planes containing two opposite edges. Moreover, there are 3 axes of order 4 through the opposite vertices of the octahedron, 4 axes of order 3 through the opposite vertices of the cube and 6 axes of order 2 through the center of the edges of the solids.
Let Ox, Oy, Oz be three orthogonal coordinate axes in R 3 . Choose the regular octahedron |x| + |y|+|z| = 1 with vertices (±1, 0, 0), (0, ±1, 0), (0, 0, ±1) and the cube with vertices {(a, b, c)|a, b, c = ±1}. The group O h is generated by two rotations g 1 = The ternary quartic form with real coefficients has, under octahedral group O h , independent invariants of degree two, four and six. These linearly independent homogeneous polynomials of lowest degree are:
(1)
These forms generate the O h invariant polynomials, and by linear combination of these invariants one can write a polynomial F (u, v, w) in variables u, v, w. As we are interested in the ternary real polynomial of degree 4, we denote by Q (A,B,C) (D) an O h -invariant quartic surface which will be represented in affine coordinates as the sum of quartic and quadratic forms, by the equation: (2) f (x, y, z) = A(x 2 y 2 + y 2 z 2 + x 2 z 2 ) + B(x 2 + y 2 + z 2 ) 2 + C(x 2 + y 2 + z 2 ) + D = 0.
Since we are looking at real quartic surfaces, the coefficients A and B cannot vanish altogether. As the 0-locus of the polynomials f and af, a ∈ R are the same, the class of equivalent polynomials under change of coordinates can be reduced to the study of the one-parameter family of equations determined by the following coefficients:
We will consider a lattice in R 3 generated by three linearly independent vectors:
The idea of fundamental region, described by Gauss in 1831, sprung from the theory of Lattices. Hence one can note that the lattice in R 3 gives rise to a tessellation of the space, generated by a fundamental polyhedron of the crystallographic group O h . In our case the fundamental polyhedron is a polytope with 5 vertices, 6 edges and 6 faces.
The symmetric properties of the quartic imply that it is sufficient to consider the surface in a fundamental polyhedron. However since we are interested in the geometry of the quartic, we can restrain the fundamental polyhedron to a half-fundamental polyhedron domain that is to a tetrahedron. Thus we will consider the quartic real octahedral surfaces in the region: {x ≥ 0, 0 ≤ y ≤ x, 0 ≤ z ≤ x} .
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Classification of quartic surfaces admitting octahedral symmetry
This section is devoted to giving classification theorems of the octahedral quartics. We shall introduce some terminology before we start.
Definition 2. Let M 1 , M 2 be two manifolds, int B i the interior of a ball in M i and h : ∂B 1 → ∂B 2 a homeomorphism. A connected sum of two manifolds M 1 #M 2 is obtained by removing the interior of the balls in each of the manifolds and by gluing the boundaries of the discs by the above homeomorphismh.
This definition will be used to describe some particular quartics.
2.1. Real quartic surface with A=0. In the case where A = 0 the quartic surface is the 0-locus of the polynomial
Under change of coordinates we can limit ourself to the three one-parameter families labelled by C = −1, 0, 1 Theorem 1. Real quartic surfaces with octahedral symmetry Q (0,1,C) (D) are, (1) A = 0, B = 1, C = −1.
•
, where {0} is a singular point of the surface,
. Both concentric spheres are such that their normal vector field points outwards for the external sphere and points inwards for the internal one,
2 is a singular sphere with multiplicity two.
2.2.
Real quartic surfaces with A = 1, B = 0. In the case where A = 1, B = 0 the quartic surface verifies the equation
Under change of coordinates we can limit ourself to the three one-parameter families labelled by C = −1, 0, 1 Theorem 2. Real quartic surfaces with octahedral symmetry Q (1,0,C) (D) are, (1) A = 1, B = 0, C = −1.
• D < 0, stellated octahedron being the connected sum of six half-cylinders W i with axes on the coordinate axes and the octahedron.
, disjoint union of a cuboid and a stellated octahedron • D < 0, Q (1,0,0) (D) Regular concave hyperbolic stellated surface. The surface has 6 branches converging to the coordinate axis, • D = 0, Q (1,0,0) (0) is the singular surface reduced to the 3 coordinate axis.
is a deformation of the octahedron in a regular compact surface bounded by a sphere of radius √ −D and tangent to this sphere at the coordinate axis,
2.3. Real quartic surfaces with A = 1, B = 0, C = 0. In the case where A = 1, B < 0 the quartic surface verifies the equation • D = 0, the topological sphere degenerates to the point {0}.
• if D > 0, the quartic is a stellated cube.
• if D = 0, the stellated cube degenerates to the point {0}.
• D < 0, the quartic is hence composed of eight hyperbolic sheets at the vertices of a cube.
• D > 0, the quartic is disjoint sum of six smooth cones with axis being the coordinates axis.
• D = 0, the quartic degenerates to the point {0}. 
Under the change of coordinates, the real algebraic surface Q (1,B,C) , C = 0 can be seen as the 0-locus of the polynomial
For convenience, the surface Q ǫ1,ǫ2 (k) will be noted as Q (1,B,C) (D)).
Theorem 4.
Real quartic surfaces with octahedral symmetry Q (1,b,C) (D) are,
is the singular point at the origin.
• k < 0, Q +− (k) = O is a smooth octahedron O, the surface is topologically a sphere.
• 0 < k < 3 3+β , Q +− (k) = O⊔ Sq, disjoint union of a smooth octahedron and a spherical cube Sq
), singular surface with eight conical singularities at the vertices of the internal cube and the center of the face of the octahedron.
i , is a double surface invariant under O h , with eight holes centered on the diagonal of the cube obtained as the connected sum of each octant of the cube C 
, singular quartic, analgus to the Cayley's cubic: cube with cones at each vertex. this surface has eight conical singular points at the vertices of a cube.
The surface is the connected sum of a cube with hyperbolic sheets having the diagonal of the cube as axis.
, is a compact connected stellated cube, homeomorphic to a sphere.
• k = 0, the quartic surface Q −+ 1 (0) = C 1 ⊔ {0} is the disjoint union of the cube C 1 and the singular point {0}.
• 0 < k < 1, the surface Q −+ 1 (k) = C 1 ⊔ C 2 is the disjoint union of two concentric components C 1 , C 2 , one contained in the other C 2 ⊂ C 1 , each of these components is topologically a sphere.
• k = 1, Q −+ 1 (1) is a singular surface which is the union of an octahedron embedded in a cuboid. These two surfaces touch in six conical singular points. Each singular point is situated at the vertices of the octahedron and joins each vertex to the center of each cuboid's face.
, is a double cuboid with six holes, one in each face of cuboid. This surface is multi-connected. We remove six discs from each face of both concentric cuboids and glue the boundaries of the parallel discs together.
• k = 4 4−β , singular surface with twelve conical singularities at the center of each edge of the cuboid.
is the disjoint union of eight compact connected components, homeomorphic to spheres. They vanish when k tends to
, is a stellated cube, connected sum of eight half-cylinders W i with axes being the diagonal of a cube and the cube C, C#
, is a singular double surface union of an octahedron O embedded in C# 8 i=1 W i with six conic singular points. Each singular point at the vertices of an octahedron joints the center of each stellated cube's faces.
, the connected sum of an octahedron O with the connected sum of eight half-cylinders
Kummer's surface with twelve conic singularities at the center of the edges of a cube. The surface consists of eight closed half-cylinders, the axis of which are the diagonals of the cube. Each half-cylinder touches the three nearest neighboring half-cylinders at singular points. • 0 < k < 1, the quartic Q
singular with six conic singularities at the vertices of the octahedron and center of faces of cube. •
T i , eight disjoint hyperbolic sheets with section of triangular type T i and axis being the diagonals of a cube.
Sq i , six disjoint hyperbolic sheets with section of square's type Sq i , and axes being the coordinate axesß †.
Sq i ⊔ O is the disjoint union of six hyperbolic sheets Sq i and an octahedron centered at the origin {0}.
• k = 1, Q −+ 4 (1), singular connected surface with six conic singularities at the vertices of an octahedron and the hyperbolic sheets Sq i with axes being the coordinate axes.
• k = 1, Q −+ 5 (k) singular connected surface with six conic singularities at the vertices of an octahedron and the hyperbolic sheets Sq i with axes being the coordinate axes.
3. Proof of the theorems 3.1. Method of proof. Consider the equation of the octahedral quartic (2):
Using a change of variables x 2 = X, Y = y 2 , Z = z 2 , the equation (2) is replaced by the quadric equation :
defined on the new metric space:
with metric tensors defined by:
This change of variable enables us to use Bromwich-Buringthon's classification [2, 3, 6 ] of quadrics in three affine space (see also appendix A).
Note that the degree two surface (11) has to be defined in the so-called first octant: {X ≥ 0, Y ≥ 0, Z ≥ 0} and that it's topological properties, in the first octant, will stay unchanged after using the inverse transformation map to the standard euclidean metric.
The corresponding quartic surface will be obtained from the inverse transformation, limited to the first octant, and from the subgroup of O h , generated by the reflections about the coordinate planes. However, to characterize the quadric (11) it is sufficient to know it's properties in an even smaller domain than previously: Let us consider the plane arrangement
This arrangement cuts space into 48 unbounded congruent cones, whose intersection with the unit sphere furnishes a tessellation (2,3,4) of the sphere [7] . Note that every fundamental domain of this tessellation is a spherical triangle with angles ( To study the quadric (11) in terms of Bromwich-Buringthon's classification it is convenient to rewrite the polynomial as a matrix product:
We have
The eigenvalues of Λ 0 are:
From the normalized eigenvectors {v 1 , v 2 , v 3 }, one can obtain the columns of the transition matrix P :
Remark 2. The eigen-plane of the double eigenvalues λ 1 = λ 2 = − A 2 is orthogonal to the axis which corresponds to simple eigenvalue λ 3 = A + 3B, so the quartic has this axis as revolution axis.
To determine the the center P 0 of the quadric, let us rewrite equation (12)
Then the center of the quadric in the X ′ coordinates lies on the v 3 axis at the point
3.2. Proof of theorem 1. As we have seen before when A = 0 we can choose B = 1, and C = −1, 0 or 1, then Let us now discuss, in function of D, the nature of the quadric for each value of C = −1, 0, 1 and deduce the corresponding quartics
(1) C = −1.
• D < 0, the quadric is a two-sheeted hyperboloid and equation (16) has only one positive root. Moreover, the intersection of the hyperboloid with the plane X = a, in the fundamental domaine {X ≥ 0, 0 ≤ Y ≤ X, 0 ≤ Z ≤ X} , tends to the line Z + Y − 1 = 0 when a → ∞. Then quartic is of the type: circular-hemihexacron, the section of which by a plane orthogonal to an axis tends to be a unit circle centered on the axis.
• D = 0. The quadric is a two-sheeted hyperboloid and equation (16) has one positive roots and one equal to zero. Topologically, the quartic is the disjoint union of a circular-hemihexacron with the singular point {0}.
• 0 < D < . Finally, because of the symmetry the quartic Q 1,0,−1 ( at X 0 = Y 0 = Z 0 < 0. Its intersection with the first octant is made of 3 sheets. Then coming back to the quartic we obtain 6 smooth disjoint surfaces, more precisely 3 two-sheeted surfaces, having an coordinate axis as symmetry axis.
(2) C = 0 • D < 0 , det Λ < 0 the hyperboloid is two sheeted, but only one sheet intersects the first octant. Finally the quartic is an unbounded six branches star, branches being asymptotic to the coordinates axis.
• D = 0 The quadric is singular and reduced to the coordinates axis. 
The position of the quadric sheets with respect to the first octant will be given, as previously, by the number of positive roots of the equation: 3(1 + B)X 2 + D = 0.
• If B < − give the point {0}.
• If B > 0, the angle between the asymptotes of the hyperbolic sheets with vertices placed on {x = y = z} is strictly superior to π 2 . By this argument the sheet intersects transversally the fundamental domain, separating it into two disjoint sets. Using the same arguments as before the quartic is a compact topological sphere.
3.5. Proof of theorem 4. We have to study the surface defined by equation (7) and equation (8) the corresponding quartic being
where
The eigenvalues of Λ + 0 are {λ
Then the quadric is of hyperboloid type, more precisely
Moreover the center of the quadric
As we have illustrated the method in previous theorems we limit ourself to some proposition enlightening the typical structure of quartic surfaces 3.5.1. Some properties of quartic surface Q ++ (k).
Lemma 1. The octahedral quartic Q ++ (k) = {f ++ = 0}, is a connected compact surface homeomorphic to a sphere if k < 0.
Proof. If k < . Using the inverse change of variables and the symmetry actions, the reconstructed quartic has a topological sphere centered at the origin disjoint from the other connected compact components with octahedral symmetry. , 0,
. Using the inverse change of variables and the symmetry actions, the reconstructed quartic appear to be a double surface with eight holes centered on the diagonals of a cube. The quartic being singular for k = 4 4+β with twelves singular conic points at the center of edges of an octahedron.
For k > 4 4+β there is no intersection of the quadric with the plane Y = X, but always two intersection with the coordinate axis. Then the quartic is the union of six compact connected surfaces homeomorpic to a sphere at the vertices of an octahedron.
3.6. Proof of theorem 5. We have to study the surface defined by equation (9) and equation (10) the corresponding quartic being
The eigenvalues of Λ − 0 are {λ
It follows that for the quadric F −− ad F ++ we have the following properties
• if k > − We will not give a detailed proof of theorem 5 since the method of proof is the same as previous theorems. However we give some lemmas which show the connectivity of the surface. Moreover, we do not analyze in details the intersection set of the quadrics with the fundamental domains. The explicit calculations are omitted since they are not very constructive.
3.6.1. Some properties of quartic surface Q −− (k).
Lemma 5. Let the octahedral quartic be of type f −− .
• If β > 3 and − 3 β−3 < k < 0, then there exists a connected component centered at the origin and disjoint from the other connected components of the surface. Each of the other connected components, when restricted to an octant, are convex .
• If k < − • If the number of positive roots is zero, then the quartic surface has no real values.
• If there exists one positive root then the surface will have one connected component in the positive octant.
• If both roots are positive then in the positive octant there exist two disjoint connected components.
The intersection points between F −− and the line are the roots of the degree two polynomial:
Solutions exist if and only if ∆ = 3(3 + (β − 3)k) > 0, i.e det(Λ) < 0 if β > 3.There exist two positive roots if k < 0 and β > 3. Thus the quadric has two connected components in the fundamental polyhedron and the therefore the quartic has a disjoint connected component at the origin .
If the conditions k < − 3 β−3 and 0 < β < 3 are satisfied, the quadric is an ellipsoid intersecting the fundamental polyhedron. Hence the quartic is compact.
3.6.2. Some properties of quartic surface Q −+ (k).
Lemma 6. Let the octahedral quartic be of type f −+ .
• If 0 < k < 1 and 0 < β < 3 then there exists a quartic surface f −+ which is a disjoint union of two concentric compact surfaces, each homeomorphic to a sphere. • If β < 3 and 4 4−β < k < 3 3−β then there exists a quartic surface f −+ which is a disjoint union of eight compact surfaces disposed symmetrically about zero at the vertices of a cube.
• If k > − 3 β−3 and β > 3, the quartic surface f −+ has at most eight disjoint convex sheets, each lying symmetrically about zero in their own octant, and with their vertex disposed at the vertices of a cube.
• If β = 3 then the quartic surface is a union of eight cylinders disposed on the vertices of a cube.
Proof. The proof is based on the results given previously and uses the same method as before. First let us consider how many connected components lie in the positive octant. The intersection points of F −+ with the line are the roots of the degree two polynomial: X 2 (3β − 9) + 3X − k 4 = 0. In order to have both positive roots, one must have: 0 < k < − 3 β−3 , for 0 < β < 3. In this case the quadric is an ellipsoid with center ( Two situations have to be considered whether the ellipsoid is contained in the first octant or is only intersecting it. By a suitable choice of parameters, one can find an ellipsoid intersecting each of the reflection planes {X = 0}, {X = 0}, {Z = 0}. To reconstruct the quartic it is sufficient to consider the surface in the fundamental polyhedron. Since the quadric is not centered at the origin and it's intersections with the refection planes gives an ellipse, the resulting surface is a pair of disjoint sheets transversal to the plane {Z = 0}. Therefore the resulting quartic is a disjoint union of two concentric connected components, each homeomorphic to a sphere.
If k > − The third statement requires that k > − 3 β−3 and β > 3. The corresponding quadric is a one-sheeted hyperboloid. Moreover, note that one can find suitable parameters such that the intersection with the reflection planes {X = 0}, {Y = 0}, {Z = 0} is empty. Thus the inverse change of variables and the symmetry actions will map the upper sheet, with local extrema on the line X = Y = Z to the seven other vertices of a cube. The resulting surface is composed of eight convex sheets.
If β = 3, det(Λ) = 0 and rk(Λ)=3. By Bromwitch-Buringhton's classification theorem, the quadric is an elliptic cylinder. The orientation of the cylinder follows from the eigenvectors and eigenvalues. By symmetry, the cylinder is mapped to the seven octants. Thus the quartic is a union of cylinders.
Corollary 7.
A degree four octahedral surface has a connected component centered at the origin and homeomorphic to a sphere if we have either cases (1) or (2) and if (3) is verified:
(1) The quadric equation corresponds to a two sheeted hyperboloid with both sheets in the fundamental polyhedron. (2) The quadric equation in the fundamental polyhedron corresponds to an ellipsoid, with the condition that it's intersection with the planes {X = 0}, {Y = 0} and {Z = 0} is an ellipse and that the center is not zero. T .
The method depends on whether we consider real or complex field, and whether we consider the affine or projective space. In this paper we are interested only in the real affine case and moreover by quadric polynomial of the type: The geometric classification of the quadric is given in terms of matricial invariants such that:
• det Λ (det Λ 0 ), determinant of Λ (resp. Λ 0 ), • trΛ (trΛ 0 ), trace of Λ (resp. Λ 0 ),
), number of negative and of positive eigenvalues of Λ (resp. Λ 0 ), • rk(Λ) (rk(Λ 0 )), rank of Λ (resp. Λ 0 ), • J sum of Λ 0 's minors. In the case of the quadric (19) the classification can be made with the matrix invariants det Λ, det Λ 0 , (σ − , σ + ), rk(Λ), J = 9(B 2 − W 2 ).
We briefly recall the classification theorem due to Burighton.
Theorem 6 (Bromwich-Buringhton's classification of quadrics in terms of matrix invariants). • rk(Λ) = 1 -double plane • rk(Λ) = 3 , the quadric has an isolated singular point -If the point is proper then the quadric is a cone with as vertex this point.
-If the point is improper the quadric is a cylinder.
• if rk(Λ) = 2, the quadric is the intersection of two planes; the singular locus is the intersection set.
• if rk(Λ) = 1 the quadric is a plane of multiplicity two; the singular locus is the plane.
Remark 3.
If the singularity of a quadric gives a singularity of the corresponding quartic, the converse is not true.
